Abstract. Let g : N → {−1, 1} be a completely multiplicative function and let µ 2 2 (n) be the indicator that n is cubefree. We prove that f = µ 2 2 g has unbounded partial sums. In the squarefree case f = µ 2 g, we provided a necessary condition for bounded partial sums: f pretends to be a real and primitive Dirichlet character χ of condutor q coprime with 6, and 
Introduction.
The Erdős discrepancy problem asks if there exists an arithmetic function f : N → {−1, 1} such that sup x,d n≤x f (nd) < ∞.
As Tao showed in [6] , for such f the sup above is equal to infinity. In particular, if f : , where in the sum above p denotes a generic prime. Moreover, let D(f, g) := D(f, g; ∞), and we say that f pretends to be g, or that f is g-pretentious if D(f, g) < ∞.
In [6] , Tao showed that if f : N → {−1, 1} is multiplicative and has bounded partial sums, then f is 1-pretentious and f (2 k ) = −1 for all k ≥ 1. In [3] , Klurman Here we are interested in the discrepancy problem for multiplicative functions f : N → {−1, 0, 1} such that at primes, f (p) = ±1. More precisely, we are interested in knowing under which specific conditions such f has bounded, or unbounded partial sums. As showed in [6] , [3] and [4] (see Proposition 2.1 below), if such f has bounded partial sums, then f must be χ-pretentious for some real and primitive Dirichlet character χ.
In [1] , the author addressed the question of how small can we make the partial sums of f = µ 2 g, where g : N → {−1, 1} is a completely multiplicative function. It has been proved that if f is strongly χ-pretentious for some real and non-principal Dirichlet character
, and under the Riemann Hypothesis (RH),
. Thus, we conjecture:
sums.
Towards this conjecture, our first result states: Theorem 1.1. Let g : N → {−1, 1} be multiplicative and f = µ 2 g. If f has bounded partial sums, then D(f, χ) < ∞ for some real and primitive character χ of conductor q coprime with 6, and f (2)χ(2) = f (3)χ(3) = −1.
Example 1.1. Let f be the multiplicative function such that:
and for each prime p > 2, for all k
and f (1), f (2), f (3), f (4) = 1, −2, 1, 0. Thus, f has bounded partial sums. However, clearly f is not a counterexample to our Conjecture 1.1, since f is not supported on the squarefree integers neither is bounded by 1, although, it represents the kind of issue that we have in the case f (2)χ(2) = f (3)χ(3) = −1 in Theorem 1.1 above.
Let µ 2 2 (n) be the indicator that n is cubefree, i.e., µ On the one hand, one could think that this could prevent f to have small partial sums, when actually the totally opposite is true, at least when compared with the squarefree case: We can provide examples of f = µ 2 2 g with partial sums n≤x f (n) x 1/3+ , for any > 0. Indeed, we can get an example of this by adjusting, in a standard way, any real non-principal Dirichlet character χ to a completely multiplicative function g : N → {−1, 1}, and then restrict g to the cubefree integers. With an extra effort, one could, perhaps, remove the + from the exponent, by following the same line of reasoning of [1] . Nevertheless, in the cubefree case, we have:
Let g : N → {−1, 1} be completely multiplicative and let f = µ 2 2 g. Then f has unbounded partial sums.
In our proofs, we follow essentially the same line of reasoning of the proof of Chudakov's conjecture [4] . As mentioned above, if our f has bounded partial sums, then f is χ-pretentious for some real and primitive Dirichlet character χ of conductor q, and when this happens, in [3] , it has been established formulae for the correlations (see Theorem 2.2 below): If f has bounded partial sums, then Λ(H) = O(1), and as we show below, the structure of u implies that this impossible in the cubefree case. In the squarefree case we are not able to handle the case in which f is χ-pretentious and f (2)χ(2) = f (3)χ(3) = −1, however we still believe that Conjecture 1.1 is true.
From the analysis below, it seems likely that if f is the restriction of a completely multiplicative function g : N → {−1, 1} to the k−free integers, k ≥ 2, then we will have Theorem 1.1 if k is even and Theorem 1.2 if k is odd. Moreover, it will be interesting to investigate the case in which g is only multiplicative, which is subject of future research.
Let χ be a real and primitive Dirichlet character of conductor q and let χ * be a completely multiplicative extension of χ, i.e., χ * is completely multiplicative, χ * (n) = χ(n), if gcd(n, q) = 1, and at each prime p|q, χ * (p) = ±1. in the set {1, ..., x} ⊂ N. Thus, for each fixed x, we have Hölder's inequality:
By defining E * = lim sup x→∞ E, Theorem 1.3 says that, in the squarefree case, for most n ∈ N, the short sum | n+H k=n+1 f 1 (k)| has H 1/4 -cancellation, and similarly, we have H 1/6 -cancellation in the cubefree case, which is, as mentioned above, consistent with GRH. It seems likely that we will have the same pattern if f k is the restriction of χ * to the k-free integers. 
Proofs of the main results
Notation. Here U = {z ∈ C : |z| ≤ 1}. We use both f (x) g(x) and
whenever there exists a constant C > 0 such that for all x ≥ 1 we have that |f (x)| ≤ C|g(x)|.
Further, δ means that the implicit constant may depend on δ. The standard
= 0. We let P for the set of primes and p for a generic element of P.
The notation p k n means that k is the largest power of p for which p k divides n. The Möbius function is denoted by µ, i.e., the multiplicative function with support on the squarefree integers and such that at the primes µ(p) = −1. Dirichlet convolution is denoted by * . Given a subset
. We let N(q) = {m ∈ N : rad(m)|q}. Finally, ω(k) is the number of distinct primes that divide a certain k. 
where G(r) is given by:
Now we will suppose that f : N → U is multiplicative, D(f, χn it ) < ∞ for some t ∈ R and for some primitive Dirichlet character χ of conductor q. We define F to be the multiplicative function such that
For p q, let F p (·) be the multiplicative function such that for each primep,
Lemma 2.1. Suppose that p q and that p n d, where n ≥ 0. Let F be given by (2) . Then
. Thus Theorem 2.1 is applicable to F p :
where
For a ≥ 0:
Theorem 2.2 (Klurman, [3] , Theorem 1.5). Let f : N → U be multiplicative and such that D(f, χn it ) < ∞, for some t ∈ R and for some primitive Dirichlet character χ of conductor q.
Let F be as in (2) . For d ∈ N, let
and if p n d for some n ≥ 0, M p (F, F , d) is given by Lemma 2.1.
2.2.
Proof of Theorem 1.1. From now on, we will assume that f : N → {−1, 0, 1} is multiplicative, at primes f (p) = ±1, and f = µ 2 f . Further, in light of Proposition 2.1, we will assume that D(f, χ) < ∞ for some real, non-principal and primitive character χ of conductor q.
Let F be given by (2) . For each prime p q, let
The hypothesis D(f, χ) < ∞ implies that the series p q |1 − h(p)| converges, and hence it is well defined
Further, a simple calculation shows that C = 0.
Lemma 2.2. Let f be as above, F be given by (2) and h be given by (3).
Proof. We begin by observing that for each prime p q, and any power k ≥ 0:
Thus, for k ≥ 1:
Now suppose that p n d, where n ≥ 0. If n = 0, by Lemma 2.1
If n = 1:
If n = 2:
If n ≥ 3:
Let N(q) := {m ∈ N : rad(m)|q}.
Further, there exists a multiplicative
where C is given by (4) and g is given by:
Proof. Suppose that gcd(d, q) = 1. Thus, by Lemma 2.2: Lemma 2.4. Let g be as in Lemma 2.3. Let u = g * µ. Then u is multiplicative, supported on the cubefree integers, u(p k ) = 0 for each p|q and any power k ≥ 1, and for each gcd(p, q) = 1:
Moreover, for l = 1, 2, u(p l ) can be negative only for p ∈ {2, 3}, and this happens if and only if F (2) = −1 and F (3) = −1, respectively; For all p ≥ 5, u(p 2 )p 2 ≥ 1, and:
Proof. We have for each prime p:
If p|q, then g(p n ) = 1 for all n ≥ 0, and hence u(p n ) = 0 for all n ≥ 1. If p q, we have that
For n ≥ 3, g(p n ) = g(p n−1 ), and hence, u(p n ) = 0.
To proof that ∞ n=1 |u(n)| converges, we only need to show that the series (see [7] , pg. 106, Theorem 2)
This shows that the series ∞ n=1 |u(n)| converges. In particular, ∞ n=1 |u(n)|n n converges, and hence, by Kroenecker's Lemma (see [5] , pg. 390 Lemma 2), we have that n≤H |u(n)|n = o(H). . In both cases F (p) = ±1, we have that h(p) ≤ 1 for all p ≥ 5, and hence
Now observe that when F
The Lemma below is formula (19) of [4] , which is in implicit in the proof of Theorem 2.2.
For the convenience of the reader, we do reverse engineering in Appendix A.2, i.e., we deduce the formula below from Theorem 2.2.
Lemma 2.5. Let u be as in Lemma 2.4. If D(f, χ) < ∞, where χ is a primitive Dirichlet character of conductor q, then there exists a constant C = C(f ) such that
In our case, |f (R)| 2 = µ 2 (R) and C is given by (4) . A short calculation shows that
and by Lemma 2.5, after an interchange in the order of summation we obtain that
where the inner sum above, is defined and computed as in the same way of [4] (pg. 684 -687):
where ∆(t) = {t} − {t} 2 . We thus arrive at:
Let t = min{{t}, 1 − {t}}. A short calculation shows that 4∆(t) − ∆(2t) = 2 t . Hence
Hg dR .
Thus, we proved:
Lemma 2.6. Assume that f has bounded partial sums. Then Λ(H) 1 and hence
Hg dR 1.
In Lemma 5.5 of [4] , it has been proved that for any t > 0,
where κ = 1 if q is even, and κ = 0 otherwise. Now we establish Lemma 2.7 below whose proof is essentially the one contained in Proposition 5.3 of [4] . Since the argument is short, we present it for the convenience of the reader:
Lemma 2.7. Let κ = 1 2|q . Assume that f has bounded partial sums. Then
Proof. Let S(H) be as in Lemma 2.6. If q is odd, then the result follows from Lemma 2.6.
Assume then that q is even. We have that
Hg 2dR ,
From Lemma 2.6, it is clear that T < ∞. We now have for any non-negative integer K:
Now, we recall from Lemma 2.4 that
In particular,
Proof of Theorem 1.1. We will suppose that we are not in the situation F (2) = F (3) = −1 and then we will show that f must have unbounded partials sums. Thus there are 3 possibilities:
In each of this situations we will argue by contradiction, i.e., we will suppose that f has bounded partial sums, and hence Lemma 2.7 holds. By Lemma 2.4, either u(2), u(4) < 0 or u(2) = 0 and u(4) ≥ 0, and similarly, either u(3), u(9) < 0 or u(3) = 0 and u(9) ≥ 0. Thus, firstly, we consider the case
Since by (7) the inner sum above is positive, u(2) = u(3) = 0 and u(9), u(4) ≥ 0, we have that 
which is a contradiction for large M . We assume now that u(2) < 0 and u(3) = 0 and consequently u(9) ≥ 0. A simple calculation shows that u(2)2 = −4 and u(4)4 = −2. We thus
As before, by letting M T 2 and H 0 = 
We prove by induction on k.
Suppose now that the claim holds for all n ≤ k − 1, and consider n = k ≥ 1. By (8):
. However, as we showed in Lemma 2.7 that Σ(H) H, in the same line of reasoning we can show that M(H k ) H k , and hence, we again obtain a contradiction. Consider now the case u(3), u(9) < 0 and u(2) = 0.
In this case u(4) ≥ 0. In this case we define
Notice that in this case, u(d) ≥ 0 for all gcd(d, 3) = 1. A simple calculation shows that u(3)3 = −24 and u(9)9 = −9. We then have Σ(H) = M(H) − 24H(H/3) − 9M(H/9). In particular for all H 1:
Observe that . Thus, again we can make
. By iterating and doing induction as above, we can
Since M(H k ) H k and log 24 log 3 ≥ 2.8, we again arrive at a contradiction.
2.3. Proof of Theorem 1.2. We let f = µ 2 2 g, where g : N → {−1, 1} is a completely multiplicative function, and in light of Proposition 2.1, we suppose that D(f, χ) < ∞ for some real and primitive Dirichlet character of conductor q. We let F be the multiplicative function given by: For all primes gcd(p, q) = 1 and all powers k, F (p 
, for all m ∈ N(q). For gcd(p, q) = 1, we redefine:
As before, we have that C = 0.
where u is the multiplicative function supported on the 4-free integers, u(p k ) = 0 for each prime p|q and any power k ≥ 1, and for gcd(p, q) = 1:
Moreover, for l = 1, 2, 3, u(p l ) can be negative only for p = 2, and this happens if and only if
Proof. In what follows gcd(p, q) = 1. Then
Suppose that p n d. By Lemma 2.1, we have that
Thus, if n = 0
If n = 1,
If n = 2,
Re(F * µ(p a )F * µ(p i ))
If n = 3,
If n ≥ 4
Re(F * µ(p a )F * µ(p i )) Thus, we wish to prove that
